ABSTRACT This paper studies the problem of stabilization control for a class of continuous-time fractional systems subject to external constant disturbances based on a disturbance observer. To tackle unknown disturbances, a fractional disturbance observer is introduced for the fractional system. A stabilization controller incorporating the disturbance observer is then designed for the fractional system. Under the developed control scheme and linear program method, the sufficient conditions are proposed to guarantee that the fractional systems with the closed-loop positivity are asymptotically stable. Numerical simulation results further demonstrate the effectiveness of the results.
I. INTRODUCTION
Many physical systems only have the peculiarity of nonnegative states, which are called positive systems, such as absolute temperatures, population levels, height of human body and concentration of a substance in chemical processes [1] , [2] . In the past decade, the positive system control has received much attention and many important results have been proposed. On the basis of Gersgorin's theorem, the stabilization methods were proposed for positive linear continuous-time and discrete-time systems in [3] . In [4] , a necessary and sufficient linear matrix inequality condition was presented for the stabilization of positive linear systems. A static feedback controller was designed to stabilize the positive linear continuous-time systems in [5] . In [6] , the sufficient conditions of asymptotic stability were given for positive Takagi-Sugeno (T-S) fuzzy systems based on multiple Lyapunov functions. The problem of 1 -induced controller design was investigated for discrete-time positive systems with the use of linear Lyapunov function in [7] . In [8] , the stabilization problem was studied for continuous-time positive systems with interval uncertainties based on a designed 1 -induced output-feedback controller. The 1 -induced sparse controller was designed for continuoustime positive systems with interval uncertainties in [9] . In [10] and [11] , the positive filtering problems were explored for positive continuous-time systems and positive T-S fuzzy systems based on the 1 -induced performance. The L ∞ -gain analysis problem was studied for positive linear systems in [12] - [14] . Furthermore, the stabilization problems of switched positive linear systems were investigated in [15] - [18] . The aforementioned works focus on the investigations of the stabilization problems for positive linear continuous-time systems, discrete-time positive systems, switched positive linear systems and positive T-S fuzzy systems. In addition, many study results have been reported for the control of fractional positive systems (FPS).
Over the past decades, the control schemes of integralorder systems have been extensively investigated [19] - [24] . Furthermore, fractional systems have attracted increasing concerns due to many applications of fractional systems in almost all applied sciences such as dynamics of earthquakes, chemical engineering, control of power electronics, signal processing and dynamical processes in self-similar structures [25] - [30] . So far, some important definitions of fractional derivatives have been given, such as Riemann-Liouville (RL) fractional derivative, Caputo definition of fractional derivative and so on [31] . Since fractional calculus naturally has hereditary properties and long memory transients, and is also an extension and promotion of integer-order calculus concept, which can describe positive systems well [32] . Thus, it is a very active area for the research of positive fractional systems. In particular, stability analysis of fractional systems has attracted more attention [33] - [40] . On the basis of the definitions of fractional derivatives, many significant conclusions have been proposed for FPS [33] . In [34] , a new class of continuous-time FPS were introduced and the sufficient conditions were given for the reachability of FPS. The stability and stabilization problems were studied for linear FPS via state feedback method in [35] . In [36] , the necessary and sufficient condition was presented for the boundedness of a continuous-time fractional positive system. A minimum energy control problem was investigated for continuous-time FPS with bounded inputs in [37] . In [38] , the robust stabilization problem was explored for continuous-time FPS with bounded control. Stabilization problem was studied for continuous-time FPS by using a Lyapunov function in [39] . In [40] , a H ∞ model reduction problem was studied for FPS. In the literature, the issue of external disturbance has not been considered for FPS. Therefore, the stabilization problem needs to be further investigated for FPS in the present of external disturbances.
It is well known that the control performance of plants is characterized by external unknown disturbances. Meanwhile, the issue of FDO based control has not been studied for FPS with external disturbances. In the field of traditional control, it is well-known that the feedforward control provides an effective disturbance compensation method that can achieve prompt disturbance attenuation. However, the disturbance has to be measured by sensors for the implementation of traditional feedforward control. Unfortunately, the disturbances are usually difficult or even impossible to be measured physically by sensors [41] . Since disturbance observers can estimate external disturbances by the known information of the controlled plants and the output of disturbance observers can be used to design the control law [42] . As a result, the disturbance rejection is guaranteed to improve the performance and robustness of the closed-loop system. Therefore, the developing disturbance estimation techniques could alleviate the restriction faced by traditional feedforward control and reject the effect of external disturbances. In past years, the studies of disturbance observers have obtained much attentions. There are many important disturbance observer based control schemes have been presented for integerorder nonlinear systems [43] - [46] . In [47] , a nonlinear disturbance observer was developed for robot manipulators. A disturbance observer based control method was proposed for the nonlinear system with disturbance in [48] . In [49] , the adaptive fuzzy tracking control scheme was studied based on the disturbance observer for multi-input and multioutput nonlinear systems. An overview of the disturbance observer based control and related methods were reported in [50] . In [51] , using a nonlinear disturbance observer, a sliding-mode control method was presented for systems with mismatched uncertainties. The disturbance observer based control schemes were proposed for near-space vehicles (NSV) in [52] and [53] . In [54] , a robust adaptive tracking control scheme was proposed for the underwater robot in the presence of parametric uncertainties and unknown external disturbances. The robust attitude control scheme was developed for NSV with time-varying disturbances based on backstepping technique in [55] . According to above discussions, the anti-disturbance ability of control systems can be improved by employing the disturbance observer in the control design for uncertain systems with external disturbances. However, the design methods of FDO has rarely been reported for the control of FPS with unknown disturbances, although a number of studies considered the disturbances in fractional systems [56] , [57] . An adaptive sliding mode controller was designed for uncertain fractional chaotic systems with external disturbance in [56] . In [57] , an adaptive fractional switching-type control method was explored for the three-dimensional fractional system. However, the uncertainties and disturbances in fractional nonlinear systems were tackled using adaptive estimation methods in [56] and [57] . Therefore, the disturbance observer based control scheme needs to be further investigated for the stabilization of FPS.
Motivated by above discussions, the problem of stabilization is investigated for continuous-time fractional systems in the presence of unknown constant disturbances with closedloop positivity based on a FDO. The organization of the paper is as follows. Section 2 details the problem formulation. The FDO is introduced and the stabilization control scheme is presented based on the developed FDO and the state feedback control method in Section 3. Meanwhile, the numerical simulation studies are given to demonstrate the effectiveness of the developed control scheme, followed by some concluding remarks in Section 4.
Notation and Definitions:
• R n denotes the n-dimensional real space.
• N T denotes the transpose of a matrix N .
• A matrix N 0 ∈ R n×n is called a Metzler matrix if its offdiagonal elements are nonnegative.
• A matrix N 1 ∈ R n×n can be seen as a nonnegative matrix if all its elements are nonnegative, e.g., N 1 ≥ 0.
• A vector can be seen as a nonnegative vector if all its elements are nonnegative, e.g., ≥ 0. It is said to be positive if all its components are positive ( > 0).
II. PROBLEM STATEMENT AND PRELIMINARIES
To address the problem statement of the stabilization for continuous-time FPS with disturbance, we firstly give the following definition of Caputo fractional derivative:
Definition 1 [31] : The Caputo fractional derivative of function f (t) is given by (·) is gamma function, which is defined as
In this paper, we consider the lower limit of integral t 0 = 0 and the fractional order 0 < α < 1. For convenience, we use D α to take the place of C 0 D α t . Based on the Caputo definition of fractional derivative, we consider the continuous-time fractional system with unknown nonnegative constant disturbance in the form of
where A ∈ R n×n and B ∈ R n×n are constant matrices,
∈ R n is a control input vector, d(t) ∈ R n is an unknown nonnegative constant disturbance vector, x 0 ∈ R n is an initial condition vector and 0 < α < 1.
This paper aims at developing a sufficient condition based on the state feedback control method and a FDO to ensure that 1. The closed-loop system is positive.
The closed-loop system is asymptotically stable, that is, lim
To obtain the above conclusions, the following assumptions, definitions and lemmas are required:
Assumption 1: The matrix B is an invertible matrix.
Assumption 2: The external disturbance d(t) is a nonnegative constant vector, and d(t) is bounded.
Lemma 1 [34] : Considering the system (3) without the control input u(t) and the disturbance d(t), we have
The solution of the fractional system (4) is as follows:
where E α (·) denotes the Mittag-Leffler function defined by
Lemma 2 [36] : Considering the continuous-time fractional linear system (4), when A is a Metzler matrix, we obtain 0 ≤ x(t) ≤κ withκ > 0 if and only if Aκ ≤ 0 for any initial condition 0 ≤ x 0 ≤κ. Definition 2 [34] : If the x(t) is nonnegative for all t ≥ 0, the system (4) can be regarded as a fractional positive system. According to the Definition 2, the existing important results are given as follows:
Lemma 3 [39] : The continuous-time fractional linear system (4) is positive if and only if the matrix A is a Metzler matrix.
Lemma 4 [39]:
The fractional system (4) is asymptotically stable if and only if
where λ i (A) stands for the ith eigenvalue of matrix A and the arg(·) denotes the argument.
Lemma 5 [58] : The fractional system (4) is asymptotically stable if there exists a Lyapunov function V (x(t)) and class-κ functions ϕ i , i = 1, 2, 3 satisfying
Lemma 6: The system (4) is positive and asymptotically stable if there exists a constant vector η ∈ R n with η > 0 and the matrix A is a Metzler matrix such that
Proof: On the basis of Lemma 3, we obtain that the system (4) is positive. Since Aη < 0, we have that −Aη > 0. If the matrix A is a Metzler matrix, the off-diagonal elements of −A are nonpositive. On the basis of the results in [59] , we obtain that there always exists a positive constant vector ρ ∈ R n with ρ > 0 such that (−A) T ρ > 0, which further can be written by ρ T A < 0. Since the system (4) is positive, the state variable x(t) ≥ 0. In addition, we define the Lyapunov function V (x(t)) = ρ T x(t). Combining V (x(t)) = ρ T x(t) and the positive system (4), we have
According to ρ T A < 0 and (10), we obtain
From Lemma 5 and (11), the positive system (4) is asymptotically stable. According to the reference [59] , Aη < 0 and ρ T A < 0 are equivalent. This concludes the proof. ♦ Lemma 7: Consider a fractional system as follows:
where A 0 ∈ R n×n , B 0 ∈ R n×n and K 0 ∈ R n×n are matrices. For the system (12), the vectors h
If the following conditions are satisfied in the form of:
where i = 1, 2, · · · , n, h j are the elements of h, a 0ij are the elements of ith rows and jth columns of matrix A 0 , and b 0i are the ith row vectors of matrix B 0 . Then, the system (12) is positive and asymptotically stable for any initial condition x 0 ≥ 0, with
Proof: Obvious from [39, Corollary 4.2] and Lemma 6. ♦
III. MAIN RESULTS
In this section, a FDO is introduced to estimate the external unknown nonnegative constant disturbance of continuoustime fractional linear system (3). Furthermore, the stability of the closed-loop fractional positive system is investigated based on a FDO.
A. FRACTIONAL DISTURBANCE OBSERVER
According to the integer order disturbance observer design technique presented in [50] , the FDO will be introduced for the fractional system (3) in this section. On the basis of the property of the Caputo definition, we obtain that the Caputo derivative of a constant is zero. Thus, for a constant disturbance, we have
where O ∈ R n denotes a zero vector. From the system (3), the d(t) can be written as
The FDO is designed as
where G is a design matrix of the FDO (17) . The disturbance estimate error is defined as
According to (15) , (16), (17) and (18), we obtain
If the design matrix G is chosen to be such that the disturbance estimate error system
is tend to stable. Then, the disturbance estimate output
is not available, the FDO (17) cannot be realized. To handle the above-mentioned issue, an auxiliary design system is defined as
Considering (17) and (21), we have
From (21), the disturbance estimate outputd(t) can be written asd
The designed FDO consists of (22) and (23) . Invoking (18), (22) and (23), the disturbance estimate error is given by
where F = GB.
From (24), we know that the disturbance estimate output d(t) can approximate the disturbance d(t) well if the matrix
Remark 2: Disturbance observers can estimate external disturbances via the known information of the controlled plants, such as system states, control input or output, and the output of disturbance observers can be used to design the control law. According to the designed FDO (22) and (23), we know that the auxiliary variable ψ can be obtained by appropriately choosing the control matrix G and designing the control law u. Therefore,d can be realized using known state variables x and ψ. Furthermore, the disturbance estimation errors are convergent if the matrix G is chosen appropriately based on the stability theory of fractional systems [60] .
To ensure that the closed-loop system is positive and asymptotically stable, the initial conditions must satisfy x(0) ≥ 0 andd(0) ≥ 0 for the fractional system (3). Thus, to guarantee that the initial valued(0) ≥ 0 of the disturbance estimation error, the following theorem is given:
Theorem 1: The initial conditiond(0) can satisfyd(0) ≥ 0 if there exists an initial condition ψ(0) ≤ 0 such that
Proof: According to (23), we havê
Combining (25) and (26), we obtain
When d(t) is an unknown nonnegative constant disturbance, one has
On the basis of the analysis above, we obtain that
B. STABILIZATION CONTROL OF FRACTIONAL POSITIVE SYSTEM
Consider the continuous-time fractional system given as (3). Using the state-feedback control method and the designed disturbance observer (22) and (23), the desired control input is designed as
where K is a design matrix. On the basis of (3), (22), (23) and (29), the block diagram of the closed-loop control system is given in Fig. 1 . Substituting (29) into (3), we obtain To analyze the stability of closed-loop system (30) , an augmented system is given based on (24) and (30) as follows:
On the basis of (31), we have
where
denotes a zero matrix.
Remark 3:
If Q is a Metzler matrix and the matrix Q satisfies |arg(λ i (Q))| > απ 2 , i = 1, 2, · · · , n, the system (32) is positive and asymptotically stable for any initial condition z(0) ≥ 0.
Furthermore, the following theorem is given based on Lemma 7 for the fractional system (32):
Theorem 2: 
where 
Then, the augmented system (32) is positive and asymptotically stable for any initial condition z 0 ≥ 0.
Proof: Assume that the condition (33) is satisfied with −F and K are given by (34) . By applying Lemma 6 to the closed-loop system (32), we have
Furthermore, we obtain
Hence, −Fϒ * < 0 and Bϒ * + Aϒ * * + BK ϒ * * < 0 can be written as 
According to the above analysis, we can know that the augmented system (32) is positive and asymptotically stable for any initial condition z 0 ≥ 0 if the condition (33) is satisfied with −F and K given by (34) . This concludes the proof. ♦ 
C. SIMULATION OF A FRACTIONAL POSITIVE SYSTEM
Considering a continuous-time fractional linear system with unknown constant disturbance described by (3) and the following system matrices A and B are given as:
This section aims at designing a controller u(t) = Kx(t) −d(t) to render the closed-loop system states nonnegative and asymptotically stable. Thus, the conditions in Theorem 2 must be satisfied. According to the LP method, the control gain matrices F and K are obtained as 
From (40), the eigenvalues of Q are given as λ 1 (Q) = −1.1065, λ 2 (Q) = −1.2849, λ 3 (Q) = −3.0308 and λ 4 (Q) = −2.5501. Thus, the eigenvalues of Q locate in the left half complex plane. Then, the augmented system (32) is asymptotically stable. Furthermore, we obtain that Q is a Metzler matrix. Therefore, the augmented system (32) is positive for any initial condition z 0 ≥ 0. From the above analysis, we conclude that the augmented system (32) is positive and asymptotically stable under the conditions (39) and (40) .
For the numerical simulation, we choose the fractional order as α = 0.8, the constant disturbances are assumed as d 1 (t) = d 2 (t) = 4. The initial conditions are chosen as x 1 (0) = 0.1, x 2 (0) = 0.2, ψ 1 (0) = −0.3 and ψ 2 (0) = −0.6. Then we obtain thatd 1 (0) = 4.3124 andd 1 (0) = 4.2199. On the basis of the numerical simulation method for fractional systems [60] , the estimation performance of the FDO (22) and (23) is shown in Fig. 2 . It shows that good estimation performance is achieved. In addition, if we use the expressions (5) and (6) to realize the numerical simulation of the augmented system (32), the Mittag-Leffler function will converge slowly when the variable is relatively large. By using the same numerical simulation method, the simulation results of augmented system (32) are presented in Fig. 3. From Fig. 3 , the state variables x 1 (t) and x 2 (t) are positive and asymptotically stable. According to the above simulation results, we conclude that the FDO (22) and (23) is effective for constant disturbances, and the designed controller u(t) = Kx(t) −d(t) can guarantee the closed-loop system states nonnegative and asymptotically stable. Furthermore, the simulation results are shown in Fig. 4 for the case of the closed-loop control system without FDO. From Fig. 4 , the state variables x 1 (t) and x 2 (t) are not been stabilized at zero. However, the state variables x 1 (t) and x 2 (t) can be controlled to zero for the case of the closed-loop control system without FDO based on Fig. 4 . Thus, the developed FDO based control scheme can improve the performance of the closed-loop control system.
D. STABILIZATION CONTROL OF FRACTIONAL BOUNDED POSITIVE SYSTEM
In this section, a sufficient condition is given to guarantee that a closed-loop fractional bounded positive system is asymptotically stable. Invoking the system (3), the following continuous-time fractional system with disturbance is described by:
the bound of x(t).
Combining (32) and (41), we obtain
wherez is the bound of z(t). We define thatz 
Then, the state is bounded for the system (42) , and the system (42) is positive and asymptotically stable for any initial condition 0 ≤ z(0) = z 0 ≤z.
Proof: Invoking Theorem 2 and (43), we have that Q is a Metzler matrix. Sincez > 0, we obtain that the closed-loop system (42) is asymptotically stable. In addition, on the basis of Lemma 2, the state variables of the positive system (42) are bounded such that 0 ≤ z(t) ≤z for any initial condition 0 ≤ z(0) = z 0 ≤z.
According to Theorem 3, we can conclude that 0 ≤ x(t) ≤z * * . Sincez * * =x, we have that 0 ≤ x(t) ≤x for any initial condition 0 ≤ x(0) = x 0 ≤x. Therefore, the state variables of the closed-loop fractional system (42) are bounded, and the system (42) is positive and asymptotically stable for any initial condition 0 ≤ x(0) = x 0 ≤x.
E. SIMULATION OF A FRACTIONAL ELECTRICAL CIRCUIT
In this section, a fractional electrical circuit [61] is employed to illustrate the effectiveness of the proposed control scheme. The fractional electrical circuit is shown on 
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From (46), it yields
According to (45) , one gets
Combining (47) and (48), we have
According to the above analysis, the fractional circuit always remans in perfect status. However, in the real world, many uncertain factors exist in circuits such as consumption of internal resistance and wires, and so on. Thus, the disturbance is considered in (49) and it can be written as
Without lost of generality, to simplify the notation, we chose the values of C 1 , C 2 , α, G 0 , G 10 , G 11 , G 20 and G 21 as C 1 = 1, C 2 = 2, α = 0.7, G 0 = 0, G 10 = 4, G 11 = 4, G 20 = 3 and G 21 = 6. Thus, the system matrices A and B are described as follows:
According to the state feedback control method, a controller u(t) = Kx(t) −d(t) is designed to stabilize the fractional system, that the closed-loop system is nonnegative and asymptotically stable. Therefore, the conditions in Theorem 3 must be satisfied. Based on the LP method, we obtain the control gain matrices F and K as follows: 
According to (54) , the eigenvalues of Q are given as λ 1 (Q) = −2.9262, λ 2 (Q) = −2.8207, λ 3 (Q) = −1.0276 and λ 4 (Q) = −1.6309. Therefore, the eigenvalues of Q locate in the left half complex plane. Then, we obtain that the augmented system (42) is asymptotically stable. In addition, we obtain that Q is a Metzler matrix. Thus, if the initial condition 0 ≤ z(0) = z 0 ≤z, the augmented system (42) will be positive. On the basis of the above analysis, we obtain that the augmented system (42) is positive and asymptotically stable based on the conditions (52) and (54) .
In this numerical simulation, the fractional order α is chosen as α = 0.8, the constant disturbances are assumed as d 1 (t) = d 2 (t) = 5. Furthermore, we choose the initial conditions x 1 (0) = 0.1, x 2 (0) = 0.2, ψ 1 (0) = −0.2 and ψ 2 (0) = −0.5. Then,d 1 (0) = 5.1985 andd 1 (0) = 5.1483 are further obtained. According to the numerical simulation method for fractional systems [60] , Fig. 6 shows the estimation performance of the FDO (22) and (23) . It is can be seen that good estimation performance is realized. For the numerical simulation of (42), the simulation results are presented in Fig. 7. From Fig. 7 , the state variables x 1 (t) and x 2 (t) are bounded, positive and asymptotically stable. From the above simulation results, we conclude that the FDO (22) and (23) is effective for constant disturbances, and the designed controller u(t) = Kx(t) −d(t) can guarantee the closed-loop system states positive and asymptotically stable. On the other hand, the simulation results of the closed-loop control system without FDO are given in Fig. 8 . According to Fig. 8 , we know that the state variables x 1 (t) and x 2 (t) can not be controlled to zero. However, the state variables x 1 (t) and x 2 (t) can convergence to zero when the FDO is considered in the closed-loop control system as shown in Fig. 8 . As a result, the developed disturbance estimation technique can reject the effect of external disturbances. Therefore, the performance of the closed-loop system can be improved by the developed control scheme in this paper.
IV. CONCLUSION
In this paper, the FDO-based stabilization control scheme has been studied for continuous-time fractional linear system in the presence of unknown constant disturbances. To improve the ability of disturbance attenuation, a FDO has been employed to approximate the unknown disturbances. By using the developed FDO and the state feedback control method, a stabilization controller has been designed to guarantee the closed-loop system states positive and asymptotically stable. Furthermore, a sufficient condition of stabilization has been given for the case of constrained states of fractional systems with constant disturbances. As the same time, two numerical simulations have been shown to illustrate the effectiveness of the developed control scheme.
